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The problematic divergence of the q-partition function of the harmonic oscillator recently con-
sidered in [1] is a particular case of the non-normalizabilty of the distribution function of classical
Hamiltonian systems in non-extensive thermostatistics as discussed previously in [2].
PACS numbers: 05.20.-y, 05.70.Ce.Gg, 05.90.+m
In a recent paper [1] Plastino and Rocca discuss the
problematic divergence occurring in the computation of
the partition function of the harmonic oscillator in the
non-extensive thermostatistics formulation. The prob-
lem is that the normalization of the distribution function
leads to a diverging quantity as briefly summarized be-
low.
The general formulation of non-extensive statistical
mechanics is developed on the basis of three axioms:
(i) the q-entropy for systems with continuous variables
is given by [3]
Sq = kB
1−K
∫
ρq (Γ) dΓ
q − 1
, (1)
where Γ is the phase space variable and K must be
a quantity with the dimensions of [Γ]
q−1
, i.e. K =
~
DN(q−1) (D denotes the dimension of the system and
N the number of particles) and the classical Boltzmann-
Gibbs entropy is retrieved in the limit q → 1; (ii) the
distribution function ρ (Γ) is slaved to the normalization
condition
1 =
∫
ρ (Γ) dΓ ; (2)
(iii) the internal energy is measured as
U =
∫
Pq (Γ)H dΓ =
∫
ρq (Γ)H dΓ∫
ρq (Γ) dΓ
, (3)
where Pq (Γ) is the escort probability distribution [4]
which is the actual probability measure.
The distribution function ρ (Γ) is obtained by max-
imizing the q-entropy subject to the normalization (2)
and average energy (3). For the harmonic oscillator with
Hamiltonian H = P 2 + Q2, the classical partition func-
tion (using the notation in [1])
Z =
∫
∞
−∞
ρ(p, q) dNp dNq
=
∫
∞
−∞
exp
(
−β
(
P 2 +Q2
))
dNp dNq (4)
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(in N -dimensional (p, q) space) is replaced by its non-
extensive analogue, i.e. the exponential function is re-
placed by a q-exponential [5], giving
Z =
piN
Γ(N)
∫
∞
−∞
UN−1 (1− (1− q)βU)
1
1−q dU , (5)
where U = P 2 + Q2 is the harmonic oscillator energy.
The authors note that ”the partition-defining integral di-
verges for q ≥ 3/2 and N ≥ 3 ”.
The non-normalizibility problem has been examined
in detail in [6] for the q-ideal gas and more generally in
[2] thereby questioning the validity of non-extensive ther-
modynamics for Hamiltonian systems. The analytical re-
sults in [2] show that (i) the non-extensive thermodynam-
ics formalism should be called into question to explain
experimental results described by extended distributions
exhibiting long tails, i.e. q-exponentials with q > 1, and
that (ii) in the thermodynamic limit the theory is only
consistent in the range 0 ≤ q ≤ 1 where the distribution
has finite support, thus implying that configurations with
e.g. energy above some limit have zero probability. In
particular it was shown in [2] that for q > 1, the re-
sulting distributions only exist for the restricted range
0 < q < 1 +O
(
1
N
)
. Since the so-called ”fat-tailed” dis-
tributions correspond to q > 1, this means that general-
ized q-thermodynamics cannot be seen as an explanation
of the occurrence of such distributions in Hamiltonian
systems with N large [7].
The harmonic oscillator belongs to the class of systems
which are considered in [6] and in [2]. The divergence ob-
tained in [1] is essentially a consequence of the quadratic
form of the Hamiltonian and therefore appears as a par-
ticular case of the systems discussed in [2] where it was
shown that in fact, independent of the form of the po-
tential, the quadratic kinetic energy term is enough to
impose the limits quoted above.
The authors in [1] offer a possible remedy by us-
ing the q-Laplace transform. One can indeed define q-
functions as generalized analogues of classical functions
whose mathematical object involves an exponential form
such as e.g. the Fourier and Laplace transforms. How-
ever replacements (such as exp→ expq) imply a complete
mathematical reformulation of statistical mechanics be-
yond the program proposed by q-thermostatistics [5] and
whose physical basis remains to be justified. In partic-
ular, it is not clear how one might write the partition
2function in the form of a Laplace transform for any sys-
tem other than the harmonic oscillator or ideal gas. It
is therefore not apparent how this program could be im-
plemented in general.
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